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Baire $\omega^{\omega}$ null set, meager set $\sigma$-compact set
, “Cichot’s diagram”
. , $‘\prime \mathrm{s}\mathrm{h}\mathrm{r}\text{ }\mathrm{k}\mathrm{a}\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}’$ )
, . ,




$\sigma-$ ( ) , 1
. $\mathcal{I}$ , 4 .. add $(\mathcal{I})$ : $F\subseteq \mathcal{I}$ $\cup F\not\in \mathcal{I}$ $F$ .
$\bullet$ $\mathrm{c}\mathrm{o}\mathrm{v}(\mathcal{I})$ : $F\subseteq \mathcal{I}$ $\omega^{\omega}=\cup F$ $F$ .
$\bullet$ non $(\mathcal{I})$ : $X\subseteq\omega^{\omega}$ $X\not\in \mathcal{I}$ $X$ .
$\bullet$ $\mathrm{c}\mathrm{o}\mathrm{f}(\mathcal{I})$ : $F\subseteq \mathcal{I}$ , $X\in \mathcal{I}$ , $Y\in F$ , $X\subseteq Y$ $Y$
$\mathcal{F}^{\cdot}$ .
, add $(\mathcal{I})\leq \mathrm{c}\mathrm{o}(\mathcal{I})\leq \mathrm{c}\mathrm{o}\{(\mathcal{I})$ add $(\mathcal{I})\leq$ non $(\mathcal{I})\leq \mathrm{c}\mathrm{o}\mathrm{f}(\mathcal{I})$ .
, $\mathcal{I}\subseteq J$ 2 $\mathcal{I},$ $\mathcal{J}$ , $\mathrm{c}\mathrm{o}\mathrm{v}(\mathcal{I})\geq \mathrm{c}\mathrm{o}\mathrm{v}(J\mathrm{I}$ non $(\mathcal{I})\leq$ non $(J)$
.
Baire $\omega^{\omega}$ , , $\omega$ $n\in\omega$ $1/2^{n+1}$
null set, meager set $\sigma$-compact set
$N,$ $\mathcal{M},$ $\mathcal{K}$ . ,
, $\mathcal{K}$ , \swarrow .
$\omega^{\omega}$ 2 $f,$ $g$ , $n\in\omega$ $f(rx)\leq g(n)$
, $f\leq^{*}g$ . $\omega^{\omega}$ $F$ $unbou?1ded(domi\uparrow\iota ati?lg)$ family ,

















$g\in\omega^{\omega}$ , $f\in \mathcal{F}^{\cdot}$ , $f\not\leq^{*}g(g\leq^{*}f)$ $f$ . $\omega^{\omega}$
unbounded family dominating family $\mathrm{b},$ $\mathfrak{D}$ .
, $\mathcal{K}$ , $\mathrm{b}$ $0$ \swarrow
– .
1.1 $\mathcal{K}$ , $f\in\omega^{\omega}$ $\{g\in\omega^{\omega} : g\leq*f\}$
– . , $\mathcal{K}\subseteq \mathcal{M}$ .
12add $(\mathcal{K})=$ non $(\mathcal{K})=\mathrm{b}$ $\mathrm{C}\mathrm{O}\mathrm{V}(\mathcal{K})=\mathrm{C}\mathrm{o}\mathrm{f}(\mathcal{K})=\mathfrak{D}$ .
, $N,$ $\mathcal{M}$ $\mathcal{K}$ 3 10
. , 1 ZFC
[1, 2, 4]. ( $”arrow$ ” “ $\leq$ ” ) Cichon”s $diag\cdot ram$
.
, $(\mathrm{C}\mathrm{H})$ , $2^{\omega}(=\omega_{1})$
– . , $\mathrm{C}\mathrm{H}$ , Martin’s Axiom(MA) , 1
$2^{\omega}$ – ([9, $\mathrm{I}\mathrm{I}$ Theorem 221]).
, add(A4), $\mathrm{c}\mathrm{o}\mathrm{f}(\mathcal{M})$ 2 , .
13 add $( \mathcal{A}\Lambda)=\min\{\mathrm{C}\mathrm{O}\mathrm{V}(\mathcal{M}), \mathrm{b}\}$ cof(A4) $= \max\{\mathrm{n}\mathrm{o}\mathrm{n}(\mathcal{M}), v\}$ .
Cichon’s diagranm , $\mathrm{Z}\mathrm{F}\mathrm{C}$ , , ZFC
Cichon’s diagram




$\mathrm{b}$ , [3] .
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21 $\mathrm{b}^{*}$ : $F\subseteq\omega^{\omega}$ , $F$ unbounded , $\mathcal{G}\subseteq F$ $|\mathcal{G}|\leq\lambda$
$\mathcal{G}$ unbounded $\lambda$ .
$\mathrm{b}^{*}$ , $\mathrm{b}$ $\mathfrak{D}$ .
22 ([3, Theorem 14])
$\bullet \mathrm{b}\leq \mathrm{b}^{*}\leq V$ .. $\mathrm{b}<\mathrm{b}^{*}$ $\mathrm{b}^{*}<\mathfrak{D}$ ZFC .
, $\mathrm{b},$ $\mathfrak{D}$ $\mathcal{K}$ $\mathrm{b}=$ non $(\mathcal{K}),$ $i)=\mathrm{c}\mathrm{o}\mathrm{f}(\mathcal{K})$
. , $\mathrm{b}^{*}$ , – \swarrow $\sigma-$ ,
– .
23 $\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{I})$ : $X\subseteq\omega^{\omega}$ , $X\not\in \mathcal{I}$ , $Y\subseteq X$ $|Y|\leq\lambda$ $Y\not\in \mathcal{I}$
$Y$ $\lambda$ .
, $\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{I})$ , [ $\mathcal{I}$ , $\mathcal{I}$
. , shr
“shrinkability” ( ) .
[$\supset=$ , $\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{K})=\mathrm{b}*$ .
, , 22 $\mathrm{b}^{*}$ , $\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{M})$
$\mathrm{s}\mathrm{h}\mathrm{r}(N)$ – .
24 $\omega^{\omega}$ $\sigma-$ $\mathcal{I}$ , non $(\mathcal{I})\leq \mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{I})\leq \mathrm{c}\mathrm{o}\{(\mathcal{I})$ .
. non $(\mathcal{I})\leq \mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{I})$ . $\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{I})\leq \mathrm{c}\mathrm{o}\{(\mathcal{I})$ .
, $\mathrm{c}\mathrm{o}\mathrm{f}(\mathcal{I})$ $\mathcal{I}$ $A=\{A_{\xi} : \xi<\mathrm{c}\mathrm{o}\mathrm{f}(\mathcal{I})\}$ . $X\not\in \mathcal{I}$
$X\subseteq\omega^{\omega}$ . $\xi<\mathrm{c}\mathrm{o}\{(\mathcal{I})$ , $y_{\xi}\in X\backslash A_{\xi_{-}}$ $y_{\xi}$ .
$Y=\{y_{\xi}$ : $\xi<\mathrm{C}\mathrm{o}\{(\mathcal{I})\}\subseteq X$ , Di $\leq \mathrm{c}\mathrm{o}\mathrm{f}(\mathcal{I})$ $Y\not\in \mathcal{I}$
. , $\mathcal{I}=M,$ $\mathcal{I}=\Lambda^{(}$ ,
non $(\mathcal{I})<\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{I}),$ $\mathrm{s}\wedge \mathrm{r}(\mathcal{I})<\mathrm{c}\mathrm{o}\mathrm{f}(\mathcal{I})$ . ,
, $\mathrm{b}^{*}$ ([3]) – , $\mathcal{I}=\mathcal{M},$ $\Lambda^{(},$ $\mathcal{K}$
.
, $\mathcal{I}=\mathcal{M},$ $\mathcal{K}$ Cohen forcing, $\mathcal{I}=N$ random
forcing .
$I$ , $I$ index set Cohen forcing notion random forcing
notion $\mathbb{C}(I)$ $\mathrm{B}(I)$ ([1, Chapter 3]). $\mathbb{C}(I)$ $\mathrm{B}(I)$
forcing , Cichon”s diagram
.
44
25 ([10, Theorem 319]) $2^{\omega}\leq|I|=\kappa$ $\mathrm{c}\mathrm{f}(\kappa)\geq\omega_{1}$ ,
(1) $\mathbb{C}(I)$ forcing , non $(\mathcal{M})=\omega_{1},$ $\mathrm{c}\mathrm{o}\mathrm{v}(\mathcal{M})=\kappa=2^{\omega}$ .
(2) $\mathrm{B}(I)$ forcing , non $(N)=\omega_{1},$ $\mathrm{c}\mathrm{o}(N)=\kappa=2^{\omega}$ .
, $\mathrm{b}$ $0$ , random forcing ground
.
, Baire Borel
. Baire $\omega^{\omega}$ Borel , $\mathrm{B}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{l}$
$\omega^{\omega}$ . $c$ Borel , $c$
$\omega^{\omega}$ Borel $\hat{c}$ .
, $\omega^{\omega}$ , null, meager, $\sigma$-compact
absolute . ,
$\bullet$ $N,$ $\Lambda\Lambda,$ $\mathcal{K}$ , Borel .
$\bullet$ Borel $c$ , $\hat{c}$ , null, meager, $\sigma$-compact , $c$
Borel ZFC absolute .
, $N,$ $\mathcal{M}$ $\mathcal{K}$ , $\text{ }\mathrm{B}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{l}$ absolute
. (Borel [6, 10] .)
, forcing notion , forcing
. $D$ ,
.
26 $\mathcal{I}$ Borel absolute $\swarrow$ $\sigma-$ . forcing





, $N$-positive “ ”, $\mathcal{M}$ -positive “nonmeager”,
$\mathcal{K}$ -positive “unbounded” . .
Cohen forcing random forcing , . ( [1,
Section 6] .)
27 ,
(1) $\mathbb{C}(I)$ nonmeager unbounded .
(2) $\mathrm{B}(I)$ .
28 $\mathbb{P}$ forcing notion . $\{A_{nx}\text{ } m, n<\omega\}$ –
$\mathbb{P}$-name $\dot{f}$ , $\omega^{\omega}$ standard $\mathbb{P}$-name .
(1) $A_{mn}\subseteq \mathbb{P}$ $\mathbb{P}$ antichain , $n\neq n’$ $A_{mn}\cap A_{77\tau n}’=\emptyset$ .
45
(2) $\bigcup_{n<\omega}A_{m}n$ $\mathbb{P}$ maximal antichain .
(3) $p\in A_{nxn}$ , $p^{1\vdash_{\mathrm{F}’}}4’.\dot{;}(\gamma?l)=\uparrow x’$ ’ .
, $|\vdash_{\mathbb{P}}$ ’ $‘\dot{\mathit{9}}\in\omega^{\omega\prime}’$. $\mathbb{P}$-name $\dot{g}$ , $|\vdash_{\mathbb{P}}‘(i=\dot{g}^{c}$, standard
$\mathbb{P}_{- \mathrm{n}\mathrm{a}}\mathrm{m}\mathrm{e}f$ . .\acute standard $\mathbb{P}$-name
.\acute $\mathbb{P}$ chain condition .
29 $2^{\omega}=\lambda$ . $\kappa$ .
(1) $\mathbb{P}=\mathbb{C}(\kappa)$ , $\mathcal{I}=\mathcal{K}$ $\mathcal{I}=A\mathit{4}$ ,
(2) $\mathbb{P}=\mathrm{B}(\kappa)$ $\mathcal{I}=N$
, $\mathbb{P}$ forcing : $A\not\in \mathcal{I}$ $\omega^{\omega}$
$A$ , $B\subseteq A$ , $|B|\leq\lambda$ $B\not\in \mathcal{I}$ .
. $\kappa\leq\lambda$ , $\mathbb{P}(\kappa’)$ forcing $2^{\omega}=\lambda$ , $\kappa>\lambda$
.
, (1), (2) , . $\mathbb{P}=\mathbb{C}(\kappa’)$
$\mathbb{C}(I)$ , .\acute $\mathbb{P}=\mathrm{B}(\kappa)$ $\mathrm{B}(I)$ , $\mathbb{P}(I)$ .
$\mathbb{P}(I)$ condition $2^{I}$ ( $\omega^{I}$ ) Borel subset , $I$
$J$ . , $P\in \mathbb{P}(I)$ ,
$J\subseteq I$ $p’\in \mathbb{P}(J)$ . $p=p’\cross 1_{\mathbb{P}}\kappa(\cdot\backslash J)$ . $J$
$P$ support , $\mathrm{s}\mathrm{u}\mathrm{P}\mathrm{p}(p)$ . , $\omega^{\omega}$ standard
$\mathbb{P}(I)- \mathrm{n}\mathrm{a}\mathrm{m}\mathrm{e}.\dot{f}$ , $\mathbb{P}(I)$ $\mathrm{c}.\mathrm{c}.\mathrm{c}$ . .\acute $I$ $J$
$\mathbb{P}(I)$ -name .
$I$ l . \swarrow standard $\mathbb{P}(I)$ -name $X(I)$ .
$\mathcal{X}=X(\kappa)$ .
. , condition $p_{0}\in \mathbb{P}(\kappa)$ , $\omega^{\omega}$
standard $\mathbb{P}(\kappa)$ -name $\mathit{1}\dot{4}$ ( $\omega^{\omega}$ $\mathbb{P}(\kappa)$ -name
) ,
$p_{0^{1\vdash_{\mathbb{P}}}}(\hslash)((\dot{A}\not\in \mathcal{I}\wedge\forall B\subseteq A(|B|\leq\lambdaarrow B\in \mathcal{I})$ ”
.
$S=\{X(I) : I\in[\kappa]^{\leq\lambda}\wedge \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(p_{0})\subseteq I\}$ , $S$ ( $[\mathcal{X}]\leq\lambda(=P_{\lambda+}(\mathcal{X}))$
stationary set . , $S$ unbounded , $S$ \mbox{\boldmath $\omega$}1-
. $X=X(I)\in S$ .
$|X|\leq\lambda$ , , Borel $-$ \vdash ’ standard $\mathbb{P}(\kappa)$ -name $\dot{c}_{X}$ ,
$p\mathrm{o}^{1\vdash_{\mathbb{P}(\kappa)}}(‘ z\dot{4}\cap X^{\cdot}\subseteq\dot{C}_{X}\wedge\wedge\dot{c}_{X}\in \mathcal{I}.$ ”
46
, $\mathbb{P}(\kappa\backslash I)$ $\mathcal{I}$-positive , $\dot{c}_{X}$ standard $\mathbb{P}(I)-$
name . , $\dot{c}_{X}\in X=X(I)$ , $X\in[\mathcal{X}]^{\leq\lambda}$ $\dot{c}_{X}$
regressive . , Fodor’s lemma([5, Theorem 32]) , stationary
$S’\subseteq S$ , Borel standard $\mathbb{P}(\kappa)$-name
$‘\dot{c_{\wedge}‘}.\text{ }$
, $X\in S’$
$\dot{c}_{X}=\dot{c}$ . , $p_{0}|\vdash_{\mathbb{P}(\kappa)}$ $c\in \mathcal{I}$” . $S’$ $[\mathcal{X}]^{\leq\lambda}$
unbounded , $\dot{x}\in\dot{A}$ , $\dot{x}\in X$ $X\in S’$ . ,
$p_{\mathit{0}^{1\vdash}\mathbb{P}(}\kappa)$
“ $\dot{A}\subseteq\hat{\dot{c}}$” . , $Po^{1\vdash}\mathbb{P}(\kappa)$ “ $\dot{A}\in \mathcal{I}$” ,
2.10 $\mathrm{C}\mathrm{H}$ . $\kappa$ $\mathrm{c}\mathrm{f}(\kappa)\geq\omega_{1}$ ,
(1) $\mathbb{C}(\kappa)$ forcing , $\mathrm{b}=\mathrm{b}^{*}=$ non $(\mathcal{M})=\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{M})=\omega_{1}$
$\mathfrak{D}=\mathrm{c}\mathrm{o}\mathrm{f}(\mathcal{M})=\kappa$ .
(2) $\mathrm{B}(\kappa)$ forcing , non $(\Lambda’)=\mathrm{s}\mathrm{h}\mathrm{r}(\lambda’)=\omega_{1}$ $\mathrm{c}\mathrm{o}\mathrm{f}(\Lambda^{\Gamma})=\kappa$
.
, 27 29 .
2.11 $\mathcal{I}$ Borel absolute $\omega^{\omega}$ $\sigma-$ . $\mathbb{P}$
$\mathrm{c}.\mathrm{c}.\mathrm{c}$ . , $\mathcal{I}$-positive , $\mathbb{P}$ forcing
$(\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{I}))^{\mathrm{V}}\leq(\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{I}))$ . (V ground . )
. $\lambda<\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{I})$ $\lambda$ . , $A\not\in \mathcal{I}$ , $|B|\leq\lambda$ $B\subseteq A$
$B\in \mathcal{I}$ $A\subseteq\omega^{\omega}$ . $A$ , forcing
$\lambda<\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{I})$ .
F) $\mathcal{I}$-positive , $|\vdash_{\mathbb{P}}$ “ $A\not\in \mathcal{I}$” . $|\vdash_{\mathbb{P}}‘(\dot{B}\subseteq A$ A $|\dot{B}|\leq\lambda$ ”
$\mathbb{P}$-name $\dot{B}$ . $\mathbb{P}$ $\mathrm{c}.\mathrm{c}.\mathrm{c}$ . , $B’\subseteq A$ , $|B’|\leq\lambda$ $|\vdash_{\mathrm{P}}$ “ $\dot{B}\subseteq B’$ ”





2.12 MA $\omega_{1}<2^{\omega}=\lambda$ . $\kappa$ $\lambda\leq\kappa$ $\mathrm{c}\mathrm{f}(\kappa)\geq\omega_{1}$
. ,
(1) $\mathbb{C}(\kappa)$ forcing , $\mathrm{b}=$ non $(\mathcal{M})=\omega_{1},$ $\mathrm{b}^{*}=\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{M})=\lambda$
$\mathfrak{d}=\mathrm{c}\mathrm{o}\dagger(\mathcal{M})=\kappa$ .















, , ZFC .
3.1 ( [12]) $\mathrm{b}^{*}\leq \mathrm{s}\mathrm{h}f(\mathcal{M})$ .
, Cichon”s diagram $\mathrm{b}^{*},$ $\mathrm{s}\mathrm{h}\mathrm{r}(\Lambda 4)$ $\mathrm{s}\mathrm{h}\mathrm{r}(N)$ , 2
.
, Cichon”s diagram . 2
, $i$) $\leq \mathrm{s}\wedge \mathrm{r}(\Lambda’)$ ZFC ? ,
.
$\mathrm{s}\mathrm{h}\mathrm{r}(N)<\mathfrak{D}$ , Laver forcing . (Laver forcing
[11] [1, Definition 7.3.24] .) , forcing
.
, $\mathrm{C}\mathrm{H}$ .
Laver forcing . LT Laver forcing notion , $\mathrm{L}\mathbb{T}$
$\alpha$-stage countable-support iteration $\mathrm{L}\mathbb{T}_{\alpha}$ .
3.2 (1) $\mathrm{L}\mathbb{T}$ $\mathrm{a}\mathrm{x}\mathrm{i}\mathrm{o}\ln$ A([1, Definition 72.1]) .
(2)([11, Lemma 9]) $\alpha<\omega_{2}$ , $\omega_{1}$ , $\mathrm{L}\mathbb{T}_{\alpha}$ dense D
. , $\alpha<\omega_{2}$ , LT $\omega_{2^{-\mathrm{C}.\mathrm{C}}}$ . .
(3) $\alpha<\omega_{2}$ , $\mathrm{L}\mathbb{T}_{\alpha}$ forcing $\mathrm{C}\mathrm{H}$ .
(4) $\mathrm{L}\mathbb{T}_{\omega_{2}}$ forcing , $\mathrm{b}=\omega 2=2^{\omega}$ .
, .
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33 ([1, Theoreln 7337]) $\alpha$ , $\mathrm{L}\mathbb{T}_{\alpha}$ .
3.4 $\mathrm{L}\mathbb{T}_{\omega_{2}}$ forcing , $\mathrm{s}\mathrm{h}\mathrm{r}(N)=\omega_{1}$ .
. , $P\in \mathrm{L}\mathbb{T}_{\omega_{2}}$ $\omega^{\omega}$ standard $\mathrm{L}\mathbb{T}_{\omega_{2}}$ -name
$\dot{A}=\{\dot{f}_{\xi} : \xi<.\omega_{2}\}\text{ },$
$\cdot$
$p^{1\vdash_{\omega_{2}}}$
“ $\dot{A}\not\in \mathcal{I}\wedge\forall\delta<\omega_{2}(\{\dot{f}_{\xi} : \xi<\delta\}\in \mathcal{I})$”
.
’
$\grave{S}_{0}=$ { $\delta<\omega_{2}$ : $\forall\xi<\delta$ ( $\dot{f}_{\xi}$. is an $\mathrm{L}\mathbb{T}_{\mathit{5}}$ -name) $\wedge \mathrm{c}\mathrm{f}(\delta)=\omega_{1}$ } , $s_{\mathit{0}}$ $\omega_{2}$
stationary . $\delta\in So$ . 3.3 , Borel
standard $\mathrm{L}\mathbb{T}_{\mathit{6}}$-name $\dot{c}_{\mathit{6}}’$ ,
$p^{1\vdash_{\mathit{5}}}$
“ $\{\dot{f}_{\xi} : \xi<\delta\}\subseteq\dot{C}_{\delta}’\wedge$ A $\dot{c}_{\mathit{6}}’\wedge\in \mathcal{I}$”
. $\mathrm{L}\mathbb{T}$ axiom A , fusion argument , $q_{\delta}\in D_{\varphi(5)}-$




. , $\mathrm{c}\mathrm{f}(\delta)=\omega_{1}$ , $\varphi(\delta)<\delta$ , $q_{\mathit{5}}\in \mathrm{L}\mathbb{T}_{\varphi(\mathit{6})}$ , $\dot{c}_{\delta}$
$\mathrm{L}\mathbb{T}_{\varphi(\mathit{5})}$ -nammme .
$\varphi$
$S_{0}$ $\omega_{2}$ regressive function . $\omega_{2}$ Fodor’s lenlma( $[9$ , Lemma 6.15])
, $\gamma<\omega_{2}$ $\omega_{2}$ stationary set $S_{1}\subseteq So$ , $\delta\in S_{1}$ $\varphi(\delta)=\gamma$
. ) $|D_{\gamma}|=\omega_{1}$ , $\omega_{2}$ $S_{2}\subseteq S_{1},$ $q\in D_{\gamma}$ , Borel
standard $\mathrm{L}\mathbb{T}_{\gamma}$ -name $\dot{c}$ , $\delta\in S_{2}$ $|\vdash_{\gamma}$ “ $\dot{c}=\dot{c}_{\mathit{5}}$” $q=q_{\delta}$
.
, $q|\vdash_{\omega_{2}}\zeta‘\hat{\dot{c}}\in \mathcal{I}$ ” . , $P|\vdash_{\omega_{2}}$ “ $A\not\in \mathcal{I}$” , $r\leq q$
$\eta<\omega_{2}$ , $r|\vdash_{\omega_{2}}$ “ $\dot{f}_{\eta}\not\in\hat{\dot{c}}$” . , $S_{2}$ $\omega_{2}$ unbounded
, $\delta\in S_{2}$ , $\delta>\eta,$ $r\in \mathrm{L}\mathbb{T}_{\mathit{5}}$ $\dot{f}_{\eta}$ T5-11ame $\delta$ . $\delta$
,
$q^{1\vdash_{\mathit{5}}}$
“ $\{\dot{f}_{\xi} : \xi<\delta\}\subseteq\hat{\dot{C}},$
,
, $q^{1\vdash_{\grave{6}}}$ “ $.i_{\eta}\in\hat{\dot{c}}$ ” ,
35 $\mathrm{s}\mathrm{h}\mathrm{r}(N)<\mathfrak{D}$ ZFC .
49
4 \swarrow
Baire $\sigma-$ $\mathcal{K}$ , $\mathrm{b}$ $\mathfrak{D}$
, . , meager $\mathcal{M}$
, non $(\mathcal{M})$ $\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{M})$ 2 , \mbox{\boldmath $\omega$}\mbox{\boldmath $\omega$}
.
4.1 (Miller-Bartoszynnski [1, Theorems 24.1 and 24.7])
(1) non(A4) , $F\subseteq\omega^{\omega}$ $f\in\omega^{\omega}$ , $g\in \mathcal{F}$ , $n<\omega$
$f(n)=g(n)$ $g$ $F$ – .
(2) cov(A4) , $\mathcal{F}^{\cdot}\subseteq\omega^{\omega}$ $f\in\omega^{\omega}$ , $g\in F$ ,
$n<\omega$ $f(n)\neq g(n)$ $g$ $\mathcal{F}^{\cdot}$ – .
, non $(\mathcal{M})$ $\mathrm{c}\mathrm{o}(\mathcal{M})$ , $\mathrm{b},$ $7$)
. $\mathrm{b},$ $\mathfrak{D}$ , Ll , $\mathcal{K}$
. , non $(\mathcal{M}),$
$\mathrm{c}\mathrm{o}\mathrm{v}(-\mathcal{M})$ , $\mathcal{M}$ ,
.
42 $f\in\omega^{\omega}$ ,
$E_{f}=$ { $g\in\omega^{\omega}$ : $n<\omega$ $f(7l)\neq g(77)$ }
. $f\in\omega^{\omega}$ $E_{f}$ $\omega^{\omega}$
$\sigma-$
$\mathcal{E}D$ .
$E_{f}$ , \swarrow . , $E_{f}$
, 2 .
$\mathcal{E}D$ “eventually different ideal” .
4.3 (1) $\mathcal{K}\subseteq W\subseteq \mathrm{A}4$ .
(2) non $(W)=\mathrm{n}\mathrm{o}\mathrm{n}(\mathcal{M})$ .
(3) $\mathrm{c}\mathrm{o}\mathrm{v}(w)=\mathrm{c}\circ(\mathcal{M})$ .
. (1) $\mathcal{K}\subseteq W$ . $f\in\omega^{\omega}$ $E_{f}\in \mathcal{M}$ , $\mathcal{E}D\subseteq \mathcal{M}$
. ,
$H=\{g\in\omega^{\omega} : \forall n\in\omega(g(2n)=0)\}$
, $H\in \mathcal{M}\backslash \alpha$) .
(2) $\alpha)\subseteq \mathcal{M}$ non(D) $\leq$ non $(\mathcal{M})$ . , $F\not\in \mathcal{E}D$ $F$
4.1(1) , non $(\mathcal{M})\leq$ non(D) .
(3) $\mathcal{E}D\subseteq \mathcal{M}$ $\mathrm{c}\mathrm{o}\mathrm{v}(\mathcal{M})\leq \mathrm{C}\mathrm{O}\mathrm{V}(\mathcal{E}D)$ . , $F\subseteq\omega^{\omega}$ 4.1(2)
, $\cup\{E_{f} : f\in F\}=\omega^{\omega}$ , $\mathrm{c}\mathrm{o}\mathrm{v}(w)\leq \mathrm{c}\mathrm{o}\mathrm{v}(\mathcal{M})$
, add $(W)$ $\mathrm{c}\mathrm{o}\mathrm{f}(W)$ , .
50
4.4 add $(W)=\omega_{1}$ $\mathrm{c}\mathrm{o}\mathrm{f}(w)=2^{\omega}$ .
. , .
45 $\lambda\geq\omega_{1}$ . $\{f_{\alpha} : \alpha<\lambda\}\subseteq\omega^{\omega}$ , $\alpha\neq\beta$ $\alpha,$ $\beta<\lambda$ ,
$n$ $f_{\alpha}(n)\neq f_{\beta}(n)$ . , $\omega^{\omega}$
$\{g_{i} : \dot{x}<\omega\}$ , $h\in\omega^{\omega}$ :
(1) $n<\omega$ $h(n)\neq f_{\alpha}(n)$ $\alpha<\lambda$ .
(2) $i<\omega$ , $h(n)=g_{i}(n)$ $\uparrow?<\omega$ .
. , $i<\omega$ , $f_{\alpha}(n)\neq g_{\dot{x}}(n)$ $n<\omega$
$\alpha<\lambda$ . , $\alpha$ , $i_{\alpha}<\omega$ ,
$n<\omega$ $(n)=g_{i_{\alpha}}(n)$ . , $\alpha<\beta<\lambda$ ,
$i_{\alpha}=i_{\beta}$ , $n<\omega$ $f_{\alpha}(n)=f_{\beta}(n)$
, . $\iota$
$\alpha$ . , $\omega$
$\{X_{i} : i<\omega\}$ , $i<\omega$ , $n\in X_{i}$ $f_{\alpha}(n)\neq g_{\mathrm{i}}(n)$
. $h\in\omega^{\omega}$ ,
$h(n)=\{$
$g_{i}(n)$ $i<\omega\iota_{arrow}^{arrow}\mathcal{D}\iota\backslash arrow Tn\in$
$f_{\alpha}(n)+1$
, $h$ (1) (2) .
$\{f_{\alpha} : \alpha<2^{\omega}\}\subseteq\omega^{\omega}$ , . ,
$\cup$ { $E_{f}$ : $\alpha<\omega_{1}$ } $\not\in W$ , add(D) $=\omega_{1}$ . , , $\mathcal{E}D$ 1
, { $E_{f}$ : $\alpha<2$“} . , $\mathcal{E}D$
$2^{\omega}$ . $\mathrm{c}\mathrm{o}\mathrm{f}(\mathcal{E}\mathcal{D})=2^{\omega}$
$\mathcal{E}D$ , $\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{E}D)$ . 24 ,
non $(W)\leq \mathrm{s}\mathrm{h}\mathrm{r}(\epsilon D)\leq 2^{\omega}$ , non $(W)<\mathrm{s}\mathrm{h}\mathrm{r}(\alpha))$ $\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{E}\mathcal{D})<2^{\omega}$
. $\mathcal{E}D$ Borel absolute ,
.
46 , $\mathbb{C}(I)$ W-positive .
. $\mathbb{C}=\mathbb{C}(\omega)$ $\mathcal{E}D$-positive . .
, $Po\in \mathbb{C},$ $W$ $\omega^{\omega}$ $F$ $\omega^{\omega}$ $\mathbb{C}$-name






. $P\leq po,$ $i<\omega,$ $n<\omega$ , $\mathcal{F}_{i,n}^{p}\subseteq F$ $g_{i}^{p}\ovalbox{\tt\small REJECT}\in\omega^{\omega}$
$F_{i,n}^{p}$ $=$ $\{f\in F : p|\vdash_{\mathbb{C}}\forall m\geq n(f(m)\neq\dot{g}_{i}(m))\}$ ,
$g_{i}^{p}(m)$ $=$ $\mathrm{l}\mathrm{n}\mathrm{i}\mathrm{n}\{k\in\omega : \exists q\leq p(q^{1\vdash}(\mathrm{c}\dot{g}.i(m)=k)\}$
. , $p\leq p_{0},$ $i<\omega,$ $n<\omega$ $\mathcal{F}_{i,n}^{p}\subseteq E_{g_{i}^{p}}$ ,
$F=\cup$ { $F_{i,n}^{p}$ : $p\leq p\mathrm{o}$ A $i<\omega\wedge n<\omega$} $\subseteq\cup\{E_{g_{i}^{p}} : p\leq p\mathrm{o}\Lambda i<\omega\}$
. $\mathbb{C}$ , $F$ $\mathcal{E}D$ ,
47MA $2^{\omega}=\lambda$ . $\kappa$ $\lambda\leq\kappa$ $\mathrm{c}\mathrm{f}(\kappa)\geq\omega_{1}$ .
, $\mathbb{C}(\kappa)$ forcing , non $(W)=$ non $(\mathcal{M})=\omega_{1}$ , sh $\mathrm{r}(\mathcal{E}D)=\lambda$
$\mathrm{c}\mathrm{o}\mathrm{f}(\mathcal{M})=2^{\omega}=\kappa$ .
, non $(\mathcal{I})$ $\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{I})$ , $\mathcal{I}$
. , $\mathcal{E}D$ , .
$\bullet$ : $F\subseteq\omega^{\omega}$ , $f\in\omega^{\omega}$ $\mathcal{F}\not\subset E_{f}$ $F$ .
$\bullet$
$i\mathfrak{e}^{*}:$ $\text{ }F\subseteq\omega^{\omega}$ , $f\in\omega^{\omega}$ $\mathcal{F}\not\subset E_{f}$ , $\mathcal{G}\subseteq \mathcal{F}$ ,
$|\mathcal{G}|\leq\lambda$ , $f\in\omega^{\omega}$ $\mathcal{G}\not\in E_{f}$ $\lambda$
, 4.1 $=$ non $(\mathcal{M})$ , $i\mathrm{e}$ ,
$\mathrm{b}^{*}$ $i\mathfrak{e}^{*}$ , ie .
, $i\mathfrak{e}^{*}$ , , .
, $\mathcal{E}D$ $E_{f}$ , $\sigma-$
, . .
48 $i\mathfrak{e}^{*}=2^{\omega}$ .
. $A$ , $\omega$ maximal ahnost disjoint family , $\cup A=\omega$ . ([9,
Theorem 13] , $A$ ) $\mathcal{F}=\{f\in\omega^{\omega} : \exists A\in A(\mathrm{r}\mathrm{a}\mathrm{n}(f)\subseteq A)\}$
. $F$ $\mathrm{i}\mathrm{e}^{*}=2^{\omega}$ .
, $g\in\omega^{\omega}$ , $f\in F$ , $f\not\in E_{g}$ . ran $(g)$
, $k<\omega$ $g^{-1}(\{k\})$ , $\cup A=\omega$
. ran $(g)$ , $A\in A$ , $A\mathrm{n}_{\mathrm{r}}\mathrm{a}\mathrm{n}(g)$ ,
$f$ $F$ .
, $\mathcal{G}\subseteq \mathcal{F}^{\cdot}$ , $|\mathcal{G}|<2^{\omega}$ . , $A$ maximal allnost disjoint
falnily , $\omega$ $B$ , $f\in \mathcal{G}$ $B\mathrm{n}_{\mathrm{r}\mathrm{a}}\mathrm{n}(f)$
. $h$ $\omega$ $B$ 1 1 , $\mathcal{G}\subseteq E_{h}$
52
535 , Cichot’s diagram( 2) ,
2 , . ,
, Cichon’s diagram , .
5.1 $2^{\omega}=\omega_{2}$ , Cichot’s diagram ,
, ZFC ?
$\mathrm{b}^{*},$ $\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{M})$ sh $\mathrm{r}(N)$ , [2]
38 . , , 29




, $\mathcal{E}D$ . $\mathrm{s}\mathrm{h}\mathrm{r}(w)$ non $(W),$ $\mathrm{c}\mathrm{o}\mathrm{f}(W)(=2")$
47 , , Cohen forcing
$\mathrm{s}\mathrm{h}\mathrm{r}(w)$ $\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{M})$ . ,
.
52 $\mathrm{s}\mathrm{h}\mathrm{r}(\xi D)=\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{M})$ ?
, – ,
53 $\mathrm{b}^{*}\leq \mathrm{s}\mathrm{h}\mathrm{r}(w)$ ?
, non $(W)=$ non $(\mathcal{M})$ $\mathrm{b}^{*}\leq \mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{M})$ ,
, . $\mathrm{s}\mathrm{h}\mathrm{r}(\mathcal{I})$ ,
.
, $\mathcal{E}D$ $\Lambda 4$ , $\Lambda\Lambda$
, .
$\mathrm{b}^{*}$ ,
, . [8] [12] .
. , , [1]
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